Let A be a certain irreducible 0-1 matrix and let t denote the family of piecewise linear Markov maps on [0,1] which are consistent with A. The main result of this paper characterizes those maps in t whose (unique) absolutely continuous invariant measure is maximal, and proves that for "most" of the maps that are consistent with A, the absolutely continuous invariant measure is not maximal.
1. Introduction. In recent years there has been a great deal written on dynamical systems defined by maps t of an interval into itself [1] . This stems from the realization that the simplest nonlinearities of such maps can introduce extreme dynamical complexity [2, 3] . A conventional way of dealing mathematically with such "chaotic" dynamics is through the introduction of an invariant measure ix for t. When u is ergodic, the Birkhoff Ergodic Theorem allows the computation of the frequency with which an orbit (iterates of a fixed starting point) hit a given set. For example, 1 N lim TT L XA(r"(x)) = n(A) n-*«> N n = 1 for almost every x g [0,1], with respect to p. However, there are usually many such ergodic measures available for a given transformation. For example, every measure supported on a finite periodic orbit is ergodic. But clearly such invariant measures cannot shed any new information about the dynamics of t. We are therefore led to the question: Which invariant measures of t yield significant information about the dynamics of t?
There are two measures which appear prominently in the literature: measures absolutely continuous with respect to Lebesgue measure [4] [5] [6] [7] [8] and measures which maximize the measure theoretic entropy (maximal measures) [9] [10] [11] [12] . In this paper we investigate the relationship between these two types of measures for a special class of Markov maps.
In §2 we translate the well-known results of Parry [23] to maps on an interval. This yields the following unsurprising result (Theorem 2): If A is an irreducible 0-1 matrix with spectral radius A, then the piecewise linear Markov map, t, consistent with A that has constant slope A maximizes the measure theoretic entropy and the maximum is equal to log A.
In Theorem 3 of §4, we consider a certain irreducible 0-1 matrix A and the familŷ "of piecewise hnear Markov maps, consistent with A, and we characterize those maps in 9" for which the (unique) absolutely continuous invariant measure is maximal. There are two main consequences of Theorem 3: (i) for certain irreducible 0-1 matrices A, the topological entropy can be achieved by families of maps with nonconstant slope, and (ii) in some cases, the attainment of the topological entropy by the absolutely continuous invariant measures implies the constant slope condition, which is the converse of Theorem 2.
Our results are consistent with those obtained by Misiurewicz for Markov maps with strictly negative Schwarzian derivative (a case which is distinct from those we consider), from which it appears that the "absolutely continuous measure in general is not the measure with maximal entropy" [6] . In fact, from the remarks following Theorem 3, we can produce examples of n-k parameter families of maps, k = 1,2,...,n -1, where the maps whose absolutely continuous invariant measure is maximal is in a lower dimensional subspace. For all other transformations in the original family the absolutely continuous invariant measure and the maximal measure are different. mji -VIT/I> where rj = dr/dx\, and of, = 1 if I, c t(Ij) and 0 otherwise. Thus, all nonzero entries of each row of M are contiguous (no zero entries between nonzero entries) and equal, and the common value is 1/\tJ\-For a general partition á2, M is not License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use necessarily stochastic nor irreducible. In [14] it is shown that M = Pr when PT is restricted to step functions on í?. Thus, if m = (trx,... ,irn) is such a step function, then mM = PTir. From this we see that if M has a nonnegative left eigenvector associated with the eigenvalue 1, then tr, viewed as a function on /, is an invariant density under t.
Piecewise linear
Lemma 1 [15] . Let te?.
Then M = MT has 1 as its spectral radius. If M is also irreducible, then the algebraic and geometric multiplicities of the eigenvalue 1 are also 1.
Hence M always has fixed points, that is, if t g <ë, then there exists a step function it which is a density invariant under t. In fact more is true. Lemma 2 [16] . Let re^ with respect to the partition 3P, and assume |t/| > 1, j = 1,...,«. Then every density f invariant under t is a step function on &.
In the sequal we shall need the following results: Definition 1. Let si denote the set of n X n 0-1 matrices, where the nonzero entries of each row are contiguous (i.e. there are no zeros between ones). Lemma 3. Let A g sí and let D be a diagonal matrix with positive entries. If A is irreducible and B = DA has spectral radius equal to 1, then there exists a map t g ŝ uch that MT = DA.
Proof. B is irreducible since A is. By the Perron-Frobenius Theorem [17] B has a right eigenvector ü = (ux,...,un) associated with the eigenvalue 1, where w, > 0, i = 1,... ,n. Furthermore, we can normalize ü so that T."=xu¡ = 1.
Partition [0,1] into subintervals {/,}"_! such that the length of /, is uk. Then define t£ ^by setting n Áh)' U [Ij:*kJ + Q}.
= 1
Since the nonzero entries of A are contiguous we can take t to be continuous on each interval Ik, k = 1,2,...,n. Now, the slope of t|7 is given by 'L"=xakjUj/uk. But Bu = ü means that n n n uk= E bkJUj = ¿Z dkakyuj = dk £ akjup j-l 7-1 7 = 1 whereD = diag{d,,.. .,dn). Thus dk = uk/ £ akjuj = reciprocal of slope of kth segment.
7=1
Therefore, MT = DA. D Lemma 4. Lei /l g sí be irreducible and let it have maximal real eigenvalue X. Then there exists a diagonal matrix with constant nonzero entries on the diagonal such that DA is similar to a stochastic matrix.
Proof. Since A is irreducible there is a positive right eigenvector z associated with A. By Theorem 9.5.2 of [20], we know that A = XZPZ1, where F is a stochastic matrix and Z = diag{z,, z2,.. .,z"). LetZ» = diag{l/A, 1/A,.. .,1/A}. Then DA = XDZPZ1 = ZPZ1. D where u, = ix(I¡), i = 1,... ,n.
For the basic definition of topological entropy, H(r), we refer the reader to [13, 19] . Its relation to measure entropy is through: Let A g s/he irreducible and have spectral radius A > 1. By Corollary 1 there exists a map t g "g7 with constant slope A > 1. Let t be any map in <€ such that MT = DA for some diagonal matrix D, whose nonzero entries are greater than 1 in absolute value. We then say t is consistent with A. Remarks. 1. Since A is irreducible, MT is also irreducible. Hence, in view of Lemma 1, each t consistent with A admits a unique absolutely continuous measure t). Thus, the measure ¡x of Theorem 2 is equal to tj, and the density of ¡x is the solution of uM2 = u2.
2. Although Theorem 2 appears to be a known result, we were unable to find this formulation in the literature. Setting (d/dz)H(z) = 0, we derive the equation
which has a unique positive root a between 0 and 1 for all values of n. It follows that ß = 1/a > 1 is a root of (2) A"-A""1 -1 =0 which is the characteristic equation of A. Now it is well known [19] that the topological entropy of t (consistent with A) is given by log p, where p is the spectral radius of A. Thus p is the positive real eigenvalue of A, i.e., p = 1/a. Since we know by Theorem 2 that the entropy of the absolutely continuous invariant measure for t (with constant slope) is the topological entropy, we obtain: given any partition 0 < ax < a2 < ■ ■ ■ < an_x < 1 such that a2/ax = a, then the (unique) absolutely continuous measure invariant under t is maximal. Thus we have shown that for this (n -1) parameter family of maps there exists an (n -2) dimensional subfamily such that for each of its members the (unique) absolutely continuous invariant measure is maximal. For all other transformations in the original family the absolute continuous invariant measure and the maximal measure are different. where S" = £"_iö,. On differentiating H(r, a) with respect to ax, a2,...,an and setting each term equal to 0, we derive the unique solution /5x a\ = a3 -a2 = = a"-l -a"-2 = an-a"-l a2-ax a2-ax an_2 -an_x an i.e., T has constant slope. Clearly t is unique.
In the above two examples, we have displayed two extremely different results. In the first example, we showed that for certain irreducible 0-1 matrices A, the space of piecewise linear Markov maps t consistent with A contains an (n -2) dimensional subspace of maps whose absolutely continuous invariant measures are maximal.
In the second example, we showed that for certain A the subspace of maps whose absolutely continuous invariant measures are maximal is zero dimensional, that is, it consists of one map only, the map with constant slope.
These opposite types of behavior are unified in the following section. Proof. Let S = (1,2,...,«} and let S¡ = {/' g S: j is the smallest integer for which rJ(I¡) = J), j= l,...,k.
The sets {£■} are pairwise disjoint. Moreover, if some interval Ia never mapped onto J we could find in its orbit under t a cycle with t' mapping Ih homeomorphically onto itself for some b g 5 and /' G Z+. Since A is irreducible this cycle would have to include every interval L,j = 1,...,«. Therefore every subinterval eventually maps onto all of J and U*.!^ = 5.
Let a, = a¡ -a¡_x so that E"=1a, = 1. The absolutely continuous invariant density for t is given by the left eigenvector (of the eigenvalue 1) of the matrix MT which Thus the quotients ajah are constant for a g Sj, b g Sj+X,j = l,...,k -1. These quotients are, of course, the slopes of t over the intervals / for i g Sj,j -l,...,k -1, p <j ^ q. Thus the maps corresponding to the critical points have constant slope over these intervals. It remains to show that this constant is equal to a/aa, the slope of t over intervals Ia with a g S,.
Let /3, equal the common value of aa for a G S" p < a < q. We must show that a/ß, = ßx/ß2. Now we have shown that ß2/ßx = ß/ß2 = ■■■ = ßk/ßk_x and therefore /?, = ßl~l/ß['2, i = l,...,k. From (10) we have Thus 2a log ßx = a log ß2 + a log a otßl = ß2a,*/ßi = ßi/ß2.
We have shown that at the critical points the map t must have constant slope over the intervals Ia, where p < a < q. On the other intervals the slope is arbitrary. Select these intervals so that the entire map has slope which is constant in absolute value, equal to A, say. Since A is irreducible we have shown in Corollary 1 that this is always possible and that A is the spectral radius of A. Thus the entropy of the absolutely continuous invariant measure for t is maximal precisely when t has slope ± X over the intervals Ia with p < a < q.
Remarks. 1. If p = 1 and q = n, then the absolutely continuous invariant measure is maximal if and only if t has constant slope A, that is, for maps of nonconstant slope the absolutely continuous invariant measure does not have maximal entropy.
2. If p > 1 or q < n, there is a (p -1) + (n -q) parameter family of maps (almost all of which have nonconstant slope), for which the absolutely continuous invariant measure has maximal entropy.
3. If k « q -(p -1) is the number of entries in the block of l's in A, then n -k is the dimension of the space of piecewise linear Markov maps whose absolutely continuous invariant measure is maximal. 4 . The examples of §3 are special cases of Theorem 3.
